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Abstract
In this paper, we construct a new q-exponential operator and obtain some operator identities. Using these
operator identities, we give a formal extension of Jackson’s 2Φ2 transformation formula. A formal exten-
sion of Bailey’s 3ψ3 summation and an extension of the Sears terminating balanced 4Φ3 transformation
formula are also derived by our operator method. In addition, we also derive several interesting a formal
extensions involving multiple sum about three terms of Sears 3Φ2 transformation formula and Heine’s 2Φ1
transformation formula.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and notation
Following [6] we will define the q-shifted factorial by
(a;q)0 = 1, (a;q)n =
n−1∏
k=0
(
1 − aqk), (a;q)∞ =
∞∏
k=0
(
1 − aqk),
where a is a complex variable. And for convenience, we always assume 0 < q < 1 throughout
the paper. For a complex number α, we shall also use the notation
(a;q)α = (a;q)∞/
(
aqα;q)∞. (1)
We also adopt the following compact notation
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In this paper, we will frequently use the following property(
a/cqn;q)
n
= (−a/c)nq−(n+1)n/2(cq/a;q)n, n = 0,1, . . . ,∞. (2)
For convenience, we also use the notation
a1,2,3,...,m = a1a2a3 · · ·am. (3)
The q-binomial coefficient and the q-binomial theorem are given by
[
n
k
]
= (q;q)n
(q;q)k(q;q)n−k and
∞∑
n=0
(a;q)n
(q;q)n x
n = (ax;q)∞
(x;q)∞ , |x| < 1 (4)
respectively.
The basic hypergeometric series rΦs and the bilateral basic hypergeometric series rψs are
defined by
rΦs
(
a1, · · · , ar
b1, · · ·, bs ; q, x
)
=
∞∑
n=0
(a1, a2, . . . , ar ;q)n
(q, b1, . . . , bs;q)n
[
(−1)nqn(n−1)/2]1+s−rxn,
rψs
(
a1, · · · , ar
b1, · · · , bs ; q, x
)
=
∞∑
n=−∞
(a1, a2, . . . , ar ;q)n
(b1, b2, . . . , bs;q)n
[
(−1)nqn(n−1)/2]s−rxn
respectively.
The big q-Laguerre polynomials [1] and the continuous q-ultraspherical polynomials [6] are
defined by
Pn(x;a, b;q) = 1
(b−1q−n;q)n 2Φ1
(
q−n, aqx−1
aq
; q, x/b
)
,
Cn(cosϑ;β|q) = (β;q)n
(q;q)n e
inϑ
2Φ1
(
q−n, β
β−1q1−n ; q, β
−1qe−2iϑ
)
respectively.
The q-differential operator and the q-shifted operator, acting on the variable a, Dq and η (see
[2,4,5,9–12]) are defined by
Dq
{
f (a)
}= f (a) − f (aq)
a
and η
{
f (a)
}= f (aq).
In [5,10], the authors apply them to construct the q-exponential operator
E(dθ) =
∞∑
n=0
(dθ)nqn(n−1)/2
(q;q)n , where θ = η
−1Dq.
Then they apply it to give a system way of obtaining q-series formulas. Inspired by their work,
in this paper, we construct the q-exponential operator
1Φ0
(
b
−; q, −cθ
)
=
∞∑
n=0
(b;q)n(−cθ)n
(q;q)n . (5)
And we now give some properties of the operator defined by us. It is understood that through-
out the paper the operators act on the variable a except for special state.
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1Φ0
(
b
−; q, −cθ
){
(as, at;q)∞
(aω;q)∞
}
= (as, at, bct;q)∞
(aω, ct;q)∞ 3Φ2
(
b, s/ω, q/at
q/ct, q/aω
; q, q
)
, (6)
where n is a non-negative integer.
Proof. Using the definitions of θ and Dq and induction, we can obtain the following identity:
θn
{
(as;q)∞
(aω;q)∞
}
= q−n(n−1)/2ωn (s/ω;q)n(as;q)∞
(aω/qn;q)∞ . (7)
To prove Theorem 1.1, we also need the Leibniz rule for θ :
θn
{
f (a)g(a)
}=
n∑
k=0
[
n
k
]
θk
{
f (a)
}
θn−k
{
g
(
aq−k
)}
. (8)
Proofs of this identity abound in the literature, we only mention [5, p. 113], where a simple proof
is given.
Combined with (5), we have
1Φ0
(
b
−; q, −cθ
){
(as, at;q)∞
(aω;q)∞
}
=
∞∑
n=0
(b;q)n
(q;q)n (−c)
nθn
{
(as, at;q)∞
(aω;q)∞
}
=
∞∑
n=0
(b;q)n
(q;q)n (−c)
n
n∑
j=0
[
n
j
]
θj
{
(as;q)∞
(aω;q)∞
}
θn−j
{(
atq−j ;q)∞}
=
∞∑
n=0
(b;q)n
(q;q)n (−c)
n
n∑
j=0
[
n
j
]
ωjq−j (j−1)/2
(s/ω,at/qj ;q)j
(aω/qj ;q)j
(as, at;q)∞
(aω;q)∞
(−tq−j )n−j
= (as, at;q)∞
(aω;q)∞
∞∑
j=0
(q/at, s/ω;q)j tj
(q, q/aω;q)j q
−(j−1)j/2
∞∑
n=j
(b;q)n(−c)n
(q;q)n−j
(−tq−j )n−j
= (as, at;q)∞
(aω;q)∞
∞∑
j=0
(b, q/at, s/ω;q)j (−ct)j
(q, q/aω;q)j q
−j (j−1)/2 (bct;q)∞
(ctq−j ;q)∞
= (as, at, bct;q)∞
(aω, ct;q)∞ 3Φ2
(
b, s/ω, q/at
q/ct, q/aω
; q, q
)
,
as desired. 
Theorem 1.2. If |qc/a| < 1, we have
1Φ0
(
b
−; q, −cθ
){
(as;q)∞
(aω;q)∞
}
= (as;q)∞
(aω;q)∞ 2Φ1
(
b, s/ω
q/aω
; q, qc/a
)
. (9)
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Theorem 1.3. If |cs| < 1, we have
1Φ0
(
b
−; q, −cθ
){
(as;q)∞
}= (as, bcs;q)∞
(cs;q)∞ . (10)
Proof. From (5) and (7), then applying (4), we can immediately get (10). 
Notice that the operator E(dθ) follows from (5) by setting c = dh, b = 1/h, and then taking
h = 0. In this paper, we will give some applications of the above operator identities.
The rest paper is organized as follows. In Section 2, we will give a 2Φ2 transformation for-
mula, which contains Jackson’s 2Φ2 transformation as its special case. In Section 3, we give
a formal extension of Bailey’s 3ψ3 summation formula.
In Section 4, we describe how to obtain a generalized formula of the Sears three terms of 3Φ2
series transformation by our operator method. In Section 5, we apply our operators to derive an
extension of the Sears terminating balanced 4Φ3 transformation formula. In Section 6, we use
our operators to derive a formal extension of Heine’s 2Φ1 transformation formula.
2. A formal extension of Jackson’s 2Φ2 transformation formula
Jackson’s 2Φ2 transformation formula [6, p. 11, Eq. 1.5.4] is an important formula in the
theory of the basic hypergeometric series. Gasper and Rahman [6] apply some clever elementary
techniques to verify it. The following we give a 2Φ2 transformation formula which contains
Jackson’s 2Φ2 transformation formula as its special case.
Theorem 2.1. We have
2Φ2
(
a, e
c, d
; q, x
)
= (x, e;q)∞
(c, d;q)∞
∞∑
n=0
(−c)nqn(n−1)/2(ax/c;q)n
(q, x;q)n 2Φ1
(
q−n, d/e
ax/c
; q, qe/c
)
. (11)
Proof. To prove this identity, we need the Rogers iteration of Heine’s 2Φ1 transformation for-
mula [6, p. 10, Eq. 1.4.5]:
2Φ1
(
a, b
c
; q, x
)
= (c/b, bx;q)∞
(c, x;q)∞ 2Φ1
(
abx/c, b
bx
; q, c/b
)
. (12)
Replacing b by 1/b, x by bx, then taking b = 0 in (12), we have
1Φ1
(
a
c
; q, x
)
= (x;q)∞
(c;q)∞ 1Φ1
(
ax/c
x
; q, c
)
. (13)
Employing (1) and (2), we may rewrite (13) as follows:
∞∑ (−x)nqn(n−1)/2(a;q)n
(q;q)n
(
cqn;q)∞ = (x;q)∞
∞∑ qn2−n(ax)n
(q, x;q)n
(cq1−n/ax;q)∞
(cq/ax;q)∞ . (14)n=0 n=0
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(
d
−; q, −eθ
)
to both sides of (14) with respect to the variable c
gives:
∞∑
n=0
(−x)nqn(n−1)/2(a;q)n
(q;q)n 1Φ0
(
d
−; q, −eθ
){(
cqn;q)∞}
= (x;q)∞
∞∑
n=0
qn
2−n(ax)n
(q, x;q)n 1Φ0
(
d
−; q, −eθ
){
(cq1−n/ax;q)∞
(cq/ax;q)∞
}
.
By (9) and (10), we have
2Φ2
(
a, e
c, de
; q, x
)
= (x, e;q)∞
(c, de;q)∞
∞∑
n=0
(−c)nqn(n−1)/2(ax/c;q)n
(q, x;q)n 2Φ1
(
q−n, d
ax/c
; q, qe/c
)
.
Replacing de by d in the above identity, we complete the proof of Theorem 2.1. 
Replacing (d, e, c, x, a) by (Aq,X,Bq,1/Bq,AB2q3) respectively in (11), we have a gen-
erating function of the big q-Laguerre polynomials:
Corollary 2.1. We have
2Φ2
(
AB2q3, X
Bq, Aq
; q, 1/Bq
)
= (1/Bq,X;q)∞
(Bq,Aq;q)∞
∞∑
n=0
(Aq;q)n
(q;q)n Pn(X;A,B;q). (15)
In (11), replacing (x, d, e) by (bx, ax, c/b) respectively, we have Jackson’s 2Φ2 transforma-
tion formula [6, p. 11, Eq. 1.5.4]:
Corollary 2.2 (Jackson’s 2Φ2 transformation). We have
2Φ2
(
a, c/b
c, ax
; q, bx
)
= (x;q)∞
(ax;q)∞ 2Φ1
(
a, b
c
; q, x
)
. (16)
In (11), replacing (a, e, c, d, x) by (a2, b2, abq1/2,−abq1/2,−q) respectively, we have q-
analogue of Gauss’ 2F1(−1) summation formula [6, p. 237, Eq. II.11]:
Corollary 2.3. We have
2Φ2
(
a2, b2
abq1/2, −abq1/2 ; q, −q
)
= (a
2q, b2q;q2)∞
(q, a2b2q;q2)∞ .
Setting x = cd/ae in (11), we have
2Φ2
(
a, e
c, d
; q, cd/ae
)
= (cd/ae, e;q)∞
(c, d;q)∞ 2Φ1
(
d/e, c/e
cd/ae
; q, e
)
.
By Heine’s 2Φ1 transformation formula, we have
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(
a, e
c, d
; q, cd/ae
)
= (c/e;q)∞
(c;q)∞ 2Φ1
(
d/a, e
d
; q, c/e
)
.
Replacing (a, d) by (q/e,−q) respectively, we have q-analogue of Bailey’s 2F1(−1) sum-
mation formula [6, p. 236, Eq. II.10]:
Corollary 2.4. We have
2Φ2
(
q/e, e
c, −q ; q, −c
)
= (cq/e, ce;q
2)∞
(c;q)∞ .
3. A formal extension of Bailey’s 3ψ3 summation formula
In this section, we give an extension of Bailey’s 3ψ3 summation formula with our operator
method.
Theorem 3.1. We have
∞∑
n=−∞
(−ab)nqn(n−3)/2 (q/a, q/b, d;q)n
(a, b, cd;q)n 3Φ2
(
q−|n|, q1−|n|/a, c
q1−|n|/d, q/a ; q, q
)
= (q, ab/q, bcd/q, d;q)∞
(a, b, bd/q, cd;q)∞ . (17)
Proof. We start our proof from the following identity:
∞∑
n=−∞
(−1)nqn(n−1)/2 (q/a, q/b;q)n
(a, b;q)n (ab/q)
n = (q, ab/q;q)∞
(a, b;q)∞ . (18)
Chen and Liu [5, p. 125] gave a simple proof of Eq. (18). Using (1) and (2), we rewrite (18)
as follows:
∞∑
n=−∞
bnqn
2−n (q/b;q)n
(b;q)n
(aq−|n|, aq |n|)∞
(a;q)∞ =
(q;q)∞
(b;q)∞ (ab/q;q)∞. (19)
Applying the operator 1Φ0
( c
−; q, −dθ
)
to both sides of (19) with respect to the variable a
gives:
∞∑
n=−∞
bnqn
2−n (q/b;q)n
(b;q)n 1Φ0
(
c
−; q, −dθ
){
(aq−|n|, aq |n|)∞
(a;q)∞
}
= (q;q)∞
(b;q)∞ 1Φ0
(
c
−; q, −dθ
){
(ab/q;q)∞
}
, (20)
then using (6) and (10), we have
1Φ0
(
c
−; q, −dθ
){
(ab/q;q)∞
}= (ab/q, bcd/q;q)∞
(bd/q;q)∞ ,
1Φ0
(
c
−; q, −dθ
){
(aq−|n|, aq |n|)∞
(a;q)∞
}
= (aq
−|n|, aq |n|, cdq |n|;q)∞
|n| 3Φ2
(
q−|n|, q1−|n|/a, c
q1−|n|/d, q/a ; q, q
)
.(a, dq ;q)∞
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Letting c = q/a, then replacing d by ac/q in (17), we have Bailey’s 3ψ3 summation formula
[5, p. 124, Eq. 8.2] or [6, p. 239, Eq. II.31]:
Corollary 3.1. We have
3ψ3
(
q/a, q/b, q/c
a, b, c
; q, abc/q2
)
= (q, ab/q, bc/q, ac/q;q)∞
(a, b, c, abc/q2;q)∞ .
4. A formal extension of the Sears three terms 3Φ2 transformation
The Sears three terms 3Φ2 transformation formula [10, p. 126, Eq. 3.1] is stated as:
3Φ2
(
a, b, c
d, e
; q, de/abc
)
= (c, d/b, e/b, de/ac;q)∞
(d, e, c/b, de/abc;q)∞ 3Φ2
(
b, d/c, e/c
qb/c, de/ac
; q, q
)
+ (b, d/c, e/c, de/ab;q)∞
(d, e, b/c, de/abc;q)∞ 3Φ2
(
c, d/b, e/b
qc/b, de/ab
; q, q
)
. (21)
It is also one of the important formulas in the theory of the basic hypergeometric series. Liu [10]
uses his operator to prove it. In this section, employing our operator and using induction, we can
get the following formal extension of the Sears three terms 3Φ2 transformation formula.
Theorem 4.1. If |de/abc| < 1, |qa2i+2/a2i−1| < 1, i = 1,2, . . . , t . We have
∞∑
m=0
(a, b, c;q)m
(q, d, e;q)m
(
de
abc
)m m∑
m1=0
(q−m,a1;q)m1
(q, a;q)m1
(qaa2)
m1
∑
0mt+1mt···m2m1
×
t∏
i=1
(q−mi , a2i+1;q)mi+1
(q, q1−mi /a2i−1;q)mi+1
t∏
i=1
(
qa2i+2
a2i−1
)mi+1
= (c, d/b, e/b, de/ac;q)∞
(d, e, c/b, de/abc;q)∞
∑
k,k10
(d/c, e/c;q)k(a1;q)k1(b;q)k+k1(aa2)k1
(q, qb/c, de/ac;q)k(q, qabc/de;q)k1
qk+k1
×
∑
0kt+1kt···k2k1
t∏
i=1
(q−ki , a2i+1;q)ki+1
(q, q1−ki /a2i−1;q)ki+1
t∏
i=1
(
qa2i+2
a2i−1
)ki+1
+ idem(c;b),
(22)
where t is a non-negative integer. The symbol “idem(c;b)” after an expression stands for the
sum of the second expression obtained from the preceding expression by interchanging c with b.
Proof. We first prove the case of t = 0. Replacing a by 1/a in (21), then using (1), we can
rewrite the new expression as follows:
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m=0
(b, c;q)m(−1)mqm(m−1)/2
(q, d, e;q)m
(
de
bc
)m
(aq1−m;q)∞
(aq;q)∞
= (c, d/b, e/b;q)∞
(d, e, c/b;q)∞
∞∑
k=0
(b, d/c, e/c;q)kqk
(q, qb/c;q)k
(adeqk/c;q)∞
(ade/bc;q)∞ + idem(c;b). (23)
Applying the operator 1Φ0
( a1
−; q, −a2θ
)
to both sides of (23) with respect to the variable a,
we have
∞∑
m=0
(b, c;q)m(−1)mqm(m−1)/2
(q, d, e;q)m
(
de
bc
)m
1Φ0
(
a1
− ; q, −a2θ
){
(aq1−m;q)∞
(aq;q)∞
}
= (c, d/b, e/b;q)∞
(d, e, c/b;q)∞
∞∑
k=0
(b, d/c, e/c;q)kqk
(q, qb/c;q)k 1Φ0
(
a1
− ; q, −a2θ
){
(adeqk/c;q)∞
(ade/bc;q)∞
}
+ idem(c;b). (24)
We can derive the following relation from (9):
∞∑
m=0
(1/a, b, c;q)m
(q, d, e;q)m
(
ade
bc
)m m∑
m1=0
(q−m,a1;q)m1
(q,1/a;q)m1
(
qa2
a
)m1
= (c, d/b, e/b, ade/c;q)∞
(d, e, c/b, ade/bc;q)∞
∞∑
k=0
(b, d/c, e/c;q)kqk
(q, qb/c, ade/c;q)k
∞∑
k1=0
(bqk, a1;q)k1
(q, qbc/ade;q)k1
(
qa2
a
)k1
+ idem(c;b). (25)
Using (1) and (2), we rewrite (25) as follows:
∞∑
m=0
(1/a, b, c;q)m
(q, d, e;q)m
(
ade
bc
)m m∑
m1=0
(q−m;q)m1
(q,1/a;q)m1
(
qa2
a
)m1 (a1;q)∞
(a1qm1;q)∞
= (c, d/b, e/b, ade/c;q)∞
(d, e, c/b, ade/bc;q)∞
∞∑
k=0
(b, d/c, e/c;q)kqk
(q, qb/c, ade/c;q)k
×
∞∑
k1=0
(bqk;q)k1
(q, qbc/ade;q)k1
(
qa2
a
)k1 (a1;q)∞
(a1qk1;q)∞ + idem(c;b). (26)
Applying the operator 1Φ0
( a3
−; q, −a4θ
)
to both sides of (26) with respect to the variable a1,
we have
∞∑
m=0
(1/a, b, c;q)m
(q, d, e;q)m
(
ade
bc
)m m∑
m1=0
(q−m;q)m1
(q,1/a;q)m1
(
qa2
a
)m1
× 1Φ0
(
a3
− ; q, −a4θ
){
(a1;q)∞
(a1qm1;q)∞
}
= (c, d/b, e/b, ade/c;q)∞
(d, e, c/b, ade/bc;q)∞
∞∑
k=0
(b, d/c, e/c;q)kqk
(q, qb/c, ade/c;q)k
∞∑
k1=0
(bqk;q)k1
(q, qbc/ade;q)k1
(
qa2
a
)k1
× 1Φ0
(
a3
− ; q, −a4θ
){
(a1;q)∞
k1
}
+ idem(c;b). (27)(a1q ;q)∞
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∞∑
m=0
(1/a, b, c;q)m
(q, d, e;q)m
(
ade
bc
)m m∑
m1=0
(q−m,a1;q)m1
(q,1/a;q)m1
(
qa2
a
)m1
×
m1∑
m2=0
(q−m1, a3;q)m2
(q, q1−m1/a1;q)m2
(
qa4
a1
)m2
= (c, d/b, e/b, ade/c;q)∞
(d, e, c/b, ade/bc;q)∞
∞∑
k=0
(b, d/c, e/c;q)kqk
(q, qb/c, ade/c;q)k
∞∑
k1=0
(bqk, a1;q)k1
(q, qbc/ade;q)k1
(
qa2
a
)k1
×
k1∑
k2=0
(q−k1, a3;q)k2
(q, q1−k1/a1;q)k2
(
qa4
a1
)k2
+ idem(c;b). (28)
Replacing a by 1/a in (25) and (28) respectively, we complete the proof of the cases of t = 0
and t = 1.
By induction and using operator, similar proof can be performed to obtain (22). 
If set t = 1, a1 = a3 = β and a4 = e−2iϑ in (22). We have the following continuous q-
ultraspherical polynomials transformation formula:
Corollary 4.1. We have
∞∑
m=0
(a, b, c;q)m
(q, d, e;q)m
(
de
abc
)m m∑
m1=0
(q−m;q)m1
(a;q)m1
(qaa2)
m1Cm1(cosϑ;β|q)e−iϑm1
= (c, d/b, e/b, de/ac;q)∞
(d, e, c/b, de/abc;q)∞
∑
k,k10
(d/c, e/c;q)k(b;q)k+k1(aa2)k1
(q, qb/c, de/ac;q)k(qabc/de;q)k1
qk+k1
× Ck1(cosϑ;β|q)e−iϑk1 + idem(c;b).
If set a2i−1 = a2i = q in (22), where i = 1,2, . . . , t + 1. We have the following identity:
Corollary 4.2. We have
∞∑
m=0
(a, b, c;q)m
(q, d, e;q)m
(
de
abc
)m m∑
m1=0
(q−m;q)m1
(a;q)m1
(q2a)m1
∑
m2,...,mt+1
q
∑t
i=1 mi+1
= (c, d/b, e/b, de/ac;q)∞
(d, e, c/b, de/abc;q)∞
∑
k,k10
(d/c, e/c;q)k(b;q)k+k1(a)k1
(q, qb/c, de/ac;q)k(qabc/de;q)k1
qk+2k1
×
∑
k2,...,kt+1
q
∑t
i=1 ki+1 + idem(c;b),
where 0mt+1 mt  · · ·m1 and 0 kt+1  kt  · · · k1, t is a positive integer.
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The Sears terminating balanced 4Φ3 transformation formula is one of the fundamental for-
mulas in the theory of the basic hypergeometric series. In [3], Andrews and Bowman proved it
by using the Bailey transformation. Ismail [8] used the Askey–Wilson operator to give an inter-
esting proof of it. In [10], Liu employs his operator and the Sears two terms 3Φ2 transformation
formula to arrive at this formula. In this section, we employ our operator to obtain a generalized
4Φ3 transformation formula.
Theorem 5.1. We have
4Φ3
(
q−n, a, b, c
d, e, f
; q, q
)
=
(
ab
f
)n
(c, df/ab;q)n
(d, e;q)n
n∑
k=0
(q−n, f/a,f/b;q)k
(q, f, df/ab;q)k q
k
× 3Φ2
(
q−(n−k), e/c, q1−n/d
q1−n/c, q1−nab/df ; q, q
)
. (29)
In order to complete the proof of Theorem 5.1, we need the following lemmas.
Lemma 5.1.
3Φ2
(
q−n, a, b
c, d
; q, q
)
= an (c/a, b;q)n
(c, d;q)n 3Φ2
(
q−n, q1−n/c, d/b
aq1−n/c, q1−n/b ; q, q
)
. (30)
In [7, p. 8, Eq. 3.1], Gasper applies some clever elementary techniques to get this formula. In
order to make our paper self-contained, we recover it by our operator method.
Proof. We start our proof from the well-known q-Chu Vandermonde’s identity [6, p. 11,
Eq. 1.5.3]
2Φ1
(
q−n, a
c
; q, q
)
= (c/a;q)n
(c;q)n a
n. (31)
Employing (1), we rewrite (31) as follows:
n∑
m=0
(q−n, a;q)m
(q;q)m q
m
(
cqm;q)∞ = (c/a, cq
n;q)∞
(cqn/a;q)∞ a
n. (32)
Applying the operator 1Φ0
( e
−; q, −bθ
)
to both sides of (32) with respect to the variable c
gives:
n∑
m=0
(q−n, a;q)m
(q;q)m q
m
1Φ0
(
e
−; q, −bθ
){(
cqm;q)∞}
= an 1Φ0
(
e
−; q, −bθ
){
(c/a, cqn;q)∞
n
}
, (33)(cq /a;q)∞
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3Φ2
(
q−n, a, b
c, eb
; q, q
)
= an (c/a, b;q)n
(c, eb;q)n 3Φ2
(
q−n, q1−n/c, e
aq1−n/c, q1−n/b ; q, q
)
.
Setting eb = d , we can obtain (30). 
If we iterate (30), we have the following Sears terminating two terms 3Φ2 transformation
formula.
Lemma 5.2. We have
3Φ2
(
q−n, a, b
c, d
; q, q
)
=
(
ab
c
)n
(cd/ab;q)n
(d;q)n 3Φ2
(
q−n, c/a, c/b
cd/ab, c
; q, q
)
. (34)
We now present a proof of Theorem 5.1.
We rewrite (34) as follows:
n∑
m=0
(q−n, a, b;q)m
(q, c;q)m q
m
(
dqm;q)∞
=
(
ab
c
)n n∑
k=0
(q−n, c/a, c/b;q)k
(q, c;q)k q
k (dcq
k/ab, dqn;q)∞
(dcqn/ab;q)∞ .
Applying the operator 1Φ0
( e
−; q, −f θ
)
to both sides of above identity with respect to the
variable d , we have
n∑
m=0
(q−n, a, b;q)m
(q, c;q)m q
m
1Φ0
(
e
−; q, −f θ
){(
dqm;q)∞}
=
(
ab
c
)n n∑
k=0
(q−n, c/a, c/b;q)k
(q, c;q)k q
k
1Φ0
(
e
−; q, −f θ
){
(dcqk/ab, dqn;q)∞
(dcqn/ab;q)∞
}
.
(35)
We can derive the following relations from (6) and (10):
1Φ0
(
e
−; q, −f θ
){(
dqm;q)∞}= (dq
m, ef qm;q)∞
(f qm;q)∞ ,
and
1Φ0
(
e
−; q, −f θ
){
(dcqk/ab, dqn;q)∞
(dcqn/ab;q)∞
}
= (dcq
k/ab, dqn, ef qn;q)∞
n n 3Φ2
(
q−(n−k), e, q1−n/d
q1−n/f, q1−nab/cd ; q, q
)
.(dcq /ab,f q ;q)∞
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4Φ3
(
q−n, a, b, f
c, d, ef
; q, q
)
=
(
ab
c
)n
(f, cd/ab;q)n
(d, ef ;q)n
n∑
k=0
(q−n, c/a, c/b;q)k
(q, c, cd/ab;q)k q
k
× 3Φ2
(
q−(n−k), e, q1−n/d
q1−n/f, q1−nab/cd ; q, q
)
.
By interchanging c and f , then replace ce by e, we complete the proof of (29).
Remark. If we let def = abcq1−n in (29), we have
3Φ2
(
q−(n−k), e/c, q1−n/d
q1−n/c, q1−nab/df ; q, q
)
= (d/c;q)n(c;q)k
(q1−n/c;q)n(cq1−n/d;q)k
(
q1−n
d
)n
.
Substituting the identity into (29), thus we have the Sears terminating balanced 4Φ3 series
transformation formula
4Φ3
(
q−n, a, b, c
d, e, f
; q, q
)
=
(
abq1−n
df
)n
(c, df/ab, d/c;q)n
(q1−n/c, d, e;q)n 4Φ3
(
q−n, f/a, f/b, c
df/ab, cq1−n/d, f ; q, q
)
= cn (e/c, d/c;q)n
(d, e;q)n 4Φ3
(
q−n, f/a, f/b, c
df/ab, cq1−n/d, f ; q, q
)
, (36)
which is equivalent to [6, p. 60, Eq. 3.2.1] and [10, p. 124, Eq. 2.16].
6. An extension of Heine’s 2Φ1 transformation formula
Heine’s 2Φ1 transformation formula [6, p. 9, Eq. 1.4.1] is stated as
2Φ1
(
c, b
a
; q, x
)
= (b, cx;q)∞
(a, x;q)∞ 2Φ1
(
a/b, x
cx
; q, b
)
. (37)
It is also one of the fundamental formulas in the theory of the basic hypergeometric series. In
this section, employing our operator and by induction, we get the following interesting formal
extension:
Theorem 6.1. If |b| < 1, |qa2i+2/a2i−1| < 1, i = 0,1,2, . . . , t . For convenience, we denote a =
a−1, b = a0 and m = m0. Then we have
t∏
j=0
(a2j+1;q)∞
(a2j+2;q)∞ t+3Φt+2
(
c, b, a2, a4, a6, . . . , a2t+2
a, a1, a3, a5, . . . , a2t+1
; q, x
)
= (b, cx;q)∞
(a, x;q)∞
∞∑
m=0
(a/b, x;q)m
(q, cx;q)m b
m
∑
0m m ···m m m
t∏
i=0
(
qa2i+2
a2i−1
)mi+1
t+1 t 2 1
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t∏
i=0
(q−mi , a2i+1/a2i+2;q)mi+1
(q, q1−mi a2i/a2i−1;q)mi+1
, (38)
where t is a non-negative integer.
Proof. We first prove the case of t = 0. Using (1), we rewrite (37) as follows:
∞∑
m=0
(b, c;q)m
(q;q)m x
m
(
aqm;q)∞ = (b, cx;q)∞(x;q)∞
∞∑
m=0
(x;q)mbm
(q, cx;q)m
(a/b;q)∞
(aqm/b;q)∞ . (39)
Applying the operator 1Φ0
( a1
−; q, −a2θ
)
to both sides of (39) with respect to the variable a,
we have
∞∑
m=0
(b, c;q)m
(q;q)m x
m
1Φ0
(
a1
− ; q, −a2θ
){(
aqm;q)∞}
= (b, cx;q)∞
(x;q)∞
∞∑
m=0
(x;q)mbm
(q, cx;q)m 1Φ0
(
a1
− ; q, −a2θ
){
(a/b;q)∞
(aqm/b;q)∞
}
. (40)
We can derive the following relation from (9) and (10):
(a, a1,2;q)∞
(a2;q)∞
∞∑
m=0
(b, c, a2;q)m
(q, a, a1,2;q)m x
m
= (b, cx;q)∞
(x;q)∞
∞∑
m=0
(x, a/b;q)mbm
(q, cx;q)m
m∑
m1=0
(q−m,a1;q)m1
(q, q1−mb/a;q)m1
(
qa2
a
)m1
. (41)
Employing (1) and (2), we rewrite (41) as follows:
1
(a2;q)∞
∞∑
m=0
(b, c, a2;q)m
(q, a;q)m x
m
(
a1,2q
m;q)∞
= (b, cx;q)∞
(a, x;q)∞
∞∑
m=0
(x, a/b;q)mbm
(q, cx;q)m
m∑
m1=0
(q−m;q)m1(qa2/a)m1
(q, q1−mb/a;q)m1
(a1;q)∞
(a1qm1;q)∞ . (42)
Applying the operator 1Φ0
( a3
−; q, −a4θ
)
to both sides of (42) with respect to the variable a1,
we have
1
(a2;q)∞
∞∑
m=0
(b, c, a2;q)m
(q, a;q)m x
m
1Φ0
(
a3
− ; q, −a4θ
){(
a1,2q
m;q)∞}
= (b, cx;q)∞
(a, x;q)∞
∞∑
m=0
(x, a/b;q)mbm
(q, cx;q)m
m∑
m1=0
(q−m;q)m1(qa2/a)m1
(q, q1−mb/a;q)m1
× 1Φ0
(
a3
− ; q, −a4θ
){
(a1;q)∞
(a1qm1;q)∞
}
. (43)
Again using (9) and (10), we have
1406 J.-P. Fang / J. Math. Anal. Appl. 332 (2007) 1393–1407(a1,2, a3,4,2;q)∞
(a2, a4,2;q)∞ 4Φ3
(
c, b, a2, a4,2
a, a1,2, a3,4,2
; q, x
)
= (b, cx;q)∞
(a, x;q)∞
∞∑
m=0
(a/b, x;q)m
(q, cx;q)m b
m
m∑
m1=0
(q−m,a1;q)m1
(q, q1−mb/a;q)m1
(
qa2
a
)m1
×
m1∑
m2=0
(q−m1, a3;q)m2
(q, q1−m1/a1;q)m2
(
qa4
a1
)m2
. (44)
Replacing a1,2 by a1 in (41), then simplifying, we can get the case of t = 0. If replacing
(a1,2, a4,2, a3,4,2) by (a1, a4, a3) respectively in (44), we obtain the case of t = 1.
By induction, similar proof can be performed to obtain (38). 
If set a2i = 0 and a2i−1 = q in (38), where i = 0,1,2, . . . , t + 1, we have the following
identity:
Corollary 6.1. We have
(q;q)t+2∞
∞∑
n=0
(c;q)nxn
(q;q)nt+3
= (cx;q)∞
(x;q)∞
∞∑
m=0
(x;q)m
(q, cx;q)m (−1)
mqm(m+1)/2
×
∑
m1,m2,...,mt+1
[
m0
m1
][
m1
m2
][
m2
m3
]
· · ·
[
mt
mt+1
]
q
∑t
i=0 mi+1(mi+1−mi),
where 0mt+1 mt  · · ·m1 m0 = m, t is a non-negative integer.
If set x = 0 in Corollary 6.1, we have
Corollary 6.2. We have
(q;q)t+2∞ =
∞∑
m=0
(−1)mqm(m+1)/2
(q;q)m
×
∑
m1,m2,...,mt+1
[
m0
m1
][
m1
m2
][
m2
m3
]
· · ·
[
mt
mt+1
]
q
∑t
i=0 mi+1(mi+1−mi),
where 0mt+1 mt  · · ·m1 m0 = m, t is a non-negative integer.
If set t = 0, a/b = β = a1/a2 and a2/a = β−1e−2iϑ in (38), then simplifying, we have the
following generating function of the continuous q-ultraspherical polynomials.
Corollary 6.3. We have
(bβe−2iϑ , bβ, x;q)∞
(be−2iϑ , b, cx;q)∞ 3Φ2
(
c, b, be−2iϑ
bβ, bβe−2iϑ ; q, x
)
=
∞∑ (x;q)m
(cx;q)m b
mCm(cosϑ;β|q)e−imϑ .m=0
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of the continuous q-ultraspherical polynomials [6, p. 169, Eq. 7.4.1]:
(Xβe−iϑ ,Xβeiϑ ;q)∞
(Xe−iϑ ,Xeiϑ ;q)∞ =
∞∑
m=0
Cm(cosϑ;β|q)Xn.
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